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TOPIC 1:
Energy, Virtual Work,
and Minimum
Potential Energy



energy: Yhe indomentel medhansm by Whidh o system may be obteed n some way.
ket erersy: evedy o8 metion
potentiel enemy: enemyy poS('\'lm/CMQ\W (graur\'\/, elec:\‘r“\c,/wmgse\—\c Q‘e\ak,skmb

work : enemy supplied o /maed Bom o system loy extemal factors 5 the praduck of o Sorce and
a. smuttenecns, m-hne él\splacemerﬂ': (A:SF‘AF

)} (> F
_ W=Fr i W=FrecasO
‘I, \} : : > F tI/ \)
IS > c
(&)
()]
e o
3 - F=ms
h
W We{Fde=-mh (work dee by
gmur\y)
_ W=-Fr

PN Uu-= 1’) ( “Z’IQA bdn.“)
T ( ) <> g (erenyy stored by
= >
r

g S e |
K LTS : F=L«_€_‘ (gome\(wapp)y-\-owass)
’ J— l _
j“”w"m\ o ke W= (Fde = {kede = Lk 1Fe = U
-- l _ 2 2 —_—
|

F=- %% =-kr  (Bore spring amﬂles o moss)

w F= lgr



The pomup\eog wetnal s Allaws the gouemmj equotons c&asfs’\tm—\o be derved Qwm an ereyy
perspechie and ads n dSMvj oﬂ:mmw:\-e Solons. We Wl use Yhe as o\‘:w"\'ag-\Le partram psterhe)
onemyy ecrom os o bass & otaz,\afuﬁ the FEM. B s, assertully, chgs-\a\ﬂcequ\(\bnwn.

We camet Wk bt wrtuel werk wrdherk JeQmmg nelsl displocerarts. Cenader an ek ‘aa\y

R

N

1)

De’f‘zg@ree—b megne any displacement e wart 0s long os the veliel deplacerents doay o
sy cleg:

—— vmogred dilerzntn)

. nintresmal (behae os JPerrhals) de = Su ™
ekl dirertinl

1. wmelwanears (tw%meJ displacemens Jo not wnphy He passage & Lme)

3. knemaredly admssable (must not violnde canctrany eqwrhms)

Sice, the rees ece present ducng e urtnel isplacements, some wirual werk 15 dane:

SW= F-8a« F-Sg,+ -+ E&‘\:(IZ E)&l"

Sce Sw; 18 as arbrirary as aur woginaten (orth Ahe A constramts), Qe a aqd bedy o be in

she equl\lbf‘lwn, SW=0 smnee §E=O.

Er‘ﬁg‘\o\‘oad\-eS,-\lve m\pleogmr‘hm\mrk&fsw &SMW’SMWQMM@.
Havever, -Goro\sys'hav\ kerconredied beches, Phe prnesple L mﬁﬂa\ wock, snmthes —)J-mas L\, albumj
ws 42 1gnor= e loeds avd reachions a}Qxeo\suﬂ:o(ksle-\l& e ro Lok,



Robem: Ookermine the Sore By mzta.\reo\‘\'o‘mbme.-w\e leadl ﬁmmm\o‘yop--\abpmod—-
corecled @ds.

S = ©)8x, - FBS‘fo - F 8x,

<

Yo = Leasd S¥e = -~ Lsn@S0

%, = 2dsm6 Sx.= 20 cs038

SW=CEBsnd + 2E cas) LS8 = 0 Do 2Res6 - Fyand=0 —2 T= L 4mnd

Tn slekes, we vl hpue o drao Sree ooy %(:; Coc aadn merboer ard wehia @ockon limemal
Sorees. The prmerple o€ viekuad Lk geatly smeplibled Hhwps.

Prddem: E:\emg :l:equm conbgpurtion & e dadle perdilum wibh Voranel led P agplied 4o

SW= m,ﬁgyl 4 mzsg,,_ “ \onE =0

Y= 4 <8, 3y,= & «s8, 30, "3
2 2
\[": /&S\'\G,-\*&Slﬂ&z S“'l" ,elcoselée‘ &_}CQSSLSGZ
2. 2 P
%= s, + Lyeasd, Sxe = ~Hn®, 38, - A,sm8. SO,
"9
S = S0+ 2m g o 8, - 2658, 156, + & (mgeas @, - 2Pm8,) 56, =0
- - — = —~
st vamsh must uanish

(my + 2D o3 B, - 2658, = O 6\=Jmn“[("'h-\—2~"")5]

m 3@ Y 55

Maces O, - 2Psnd, S Gt

29



+§£¥o\y :!\ u

| ”C»«/"‘?*loly "

A KR T

e J y L .I_;@A% 1
S a4
’GQ/ is]/— Al A ° >
0_9 \
M= -Caydyo(aol(u-v 3%%) % ( 30_; > (M—\- %a\x & %‘\IA%\'_‘ o(uldz
- @, M&A(m W @ ( é;c,,,ah[) (Ma\(ws}%% . %4\?

+ bx (Aw(x’:lz)ok(u«— %%—K +du i\,/> x-direckien

0 anee Ax s eansant
Noke : A(Méwx> du degdx £, (&R

iy [(%% N %%,, +b, AM@% « _\?:%y+i_‘¢>,§o\€xolx * (% s + ?""{L‘%A%‘)A‘f

¥ 0z A+ Toyd M\ | Axdyde x-direcht
* K (31)] / -
The s the eqm\(\onum equakion n e x-dieckon. Fbr‘eqm\\bnum o be mm-\'amed, o wust vandh.

wmﬁm—\—m\ésmll clrw\ﬂes n a W\/M?ﬂ %PW—FQ math (edl
A(IMC_H\/ aﬂa bewz  dg,dn and d{%}d’ ae mucln w\w}\ sm\kf-ﬂwn At anA o\ 3
50 much ss hetr -@/O/ con Ye (jmm&Q withary 513mQ\CM'\"\\1 mc:l-trﬂ Pe Lo Fesu\l—\'

A= [@A€x+txyd(ég)]% x-dwechien [ £ %gl:o Hen we hewe the 1D result]
o“/'. d\&@n\w\( \dume



Tnedude vk Q(U"\ y-dec\Toh -gmes/d\sp)a@mh:
AW = [O‘Xo\ex * 6ydey ¥ Tyd (%%,) x 'l:x\,o\ (@)]JU

%
- {:0;(0\591 +&yde, -\—'Z;‘\IA?’X\}] NV (20

Thelude weork. Sem 2-cheection %f‘c,(s/ moments
A= [0' de, + o Aaf + g,de, « ’t”,a\%, TP + ’E'LA%JA\/ (&50))

Tniegvy shraing Ies Hhe Yoa) work dene . Th the gollmmﬁ, we considec dis - "M/AV the (hReanl)
weX per untt yeume .

\i(o‘,ex k OyLy + 6,6, + Ty Py * Talre* Ty 7{/,,) (30)

Prbb\emzu)w‘s%uw\gmwo\\nmm\ load om\\-w\ to the +p £ 5 caleter beam?

——

du = ‘(0'6,+o’%+924 % ?/7; "7'/?3‘)0{\] ,o*s,:AU snce. ths 15 o 10 problem

_ =
:l: F — g Ox = ry avervge. stress (cms-\'wrg
surdoce. —
acex, A

4 y4 2 2
Wal((se didx = 104 o dhde =L((F_ My = _FL ook dene ot B
LiAf " zw,\a zU,,A*E TRE L 1p by s
Ex= Ox L‘G;F-E (- el aren
E A Qom O 18 By,
Pecase & the lnesr Qprca A\s‘olo‘ceynaA' m‘ac\'ldmln\p, W= Ff _&F(_)
AE

u.d\s\olawwen%a\*ﬂ



e hwoe consdered vetel work Fom e perspechue egﬁgwl bedies | whidh must undh 1 dhe case tha
Fe sytem s in equllorum as the aPphed Drees sum 4o 2o, Tor delonmdble M\ﬁ,kwale(‘) some. oreny
s shid m éer?mmrﬁ Pe vatenod, wnch prevents the. wirtua werk, fom vamshng,

U= %L(o;e,*a:,a,«-e;e,_vt,\,ﬁy* Trei* TV =W sheun erey o o deloraldle ey

R
% 'y Qamas, P
h F (surbrce) Qoces, T

ofean

L,OA\/ Cudumerme) Corres ) \:)

w0

U= = (iﬁ g L(Ueb-a ~ L@A\I 7

=\

Sh= SW=(ZR)-Sa+ Lﬁm.s& . [VCL D55

(A1)

£O

S [U- (iﬁ)u -LC?AAB-UL ~ LCBAVB-U&] =0

=

KV/

T (Jota) potentid crergy of o Jeformulde Lody)

M‘ﬁz\% mebs\\mw,sﬁcm dene
e potertal (st encrgy sbored
e,mc\’u.(}b/ meﬂe‘awly‘. Uu-w=0

T e do rot krnaw u(x), then we can gpeess o displacement; V),
ek 15 o Sunchen we make up. TR e caleulade U anel W
\sed an VG0, en well L St U=10 0. Hoveler, we can
try o Brd A Gorm o8 v such S T=tl-W s e cbose
o 22 as-pass\]o\e...we et do Lird e Bam of W0
-n'u—\’ mimmizes V.

> R o duncion , we Gt Ginctien mimma/maxime, by Ve
m—\’ Where the ockent uanmshes. A similor cancapt werks
N0, dne  mimma maxama o) o Linchona (en Lunchion cQa Linchien

like. T which & o Sinchan L He Aﬁpw Qunction, vx)).




Pdh{k)@l’) - Rere Rules

|, 4 dhsplacement Quctien way febke any continuans Brm: pohynara), Amgenameiic, bapathmc,
o\caf»‘;%m, <. i ! it >

2.4 Jlsplmv,en-\*@m\-\m Y odlere b kiremstic. constrants (1.e.,7<nam displecorents Qom
p(b\o\em dention wyst V\e-\-'wvie. velated ), |

3. morz. dems 1n dispacement Biehon come. with wrore tunrg ccePocrs; mor +enmg
coeBearts alows &r-anebr\er‘ Cne +urirg) QQ the Q) sdittion wndn praUes  decwaoy

4. do et e -lurmﬂ cocoots yoles knemabie consrame equire ts othendise -8

Prsblem: Oetenrmne the dispacement profile., ut), ora \aﬂ,—ll\m contleveroeam with & horzantel -hp
lead. Use Yhe Raylesgh~Rrte Vethed.

% s P

| e

Y

U= Bk QX + O

w(®)=4,=0 uR= ax +a,x*

U:jiE’Q(g*%&g-\- S)Axn%jgieabc thv@,womlmmm
= AE. (“/ N dx = BE (*(a 2.0 Yon = RED [6h+ 20,0, 4+ Ul z] o:F=E=EN
'i‘i(@x’fi rhogdns B[ T A ks

F= AEQu
W= Pul® = PA(a,xon) Ix

M(a,,00 = U-W
STT: é_‘IISa\«-é'lT =0
Ja, So?.sa‘

%J;I = EALa, + BALA,- PR =0

e
A= ER 020 <« axim prametess wl
31[ = BALa, « & EA'a, - P =0 go 1o 2em
O 3

u®= P x
EA



Prsblem:. Determmne the dispocement prefile, u), fora \aﬂ,—l-hm contlever\oeam with & yertiee) hp

lead. Use Yre Raylegh~Rrte Methd.

P

\‘I

)
L——-ax
Y

U= Bu% A + O™ x 8 +a, X

w@®)=a,=0
Wl o oaep (UK apean
MU = Zo,* Gogx + [2a,X*
e
2 2 £ 12
U= -‘—g M K =2 LT M4
2,(61*%&#%*%) 2, BT
M= FT o
I

us %g  (2a,+ bagx+ llaqx’bzolx
z %ﬂ (8e8 + 5o, 4L (3ay + o) + 247 (S8% + 5L aga, +12.0752)]

W= P = P oy r a2 va, £

T, a5, 0) =U-1

I Sa, + 9T Sany + AU S, = O
o A
S da o

V:Cé =0 =0
§= EL(4Ra, + Gf*ay+ BL0,) - PO* = O
T =BT (G « 12 Lo +180%) - elP=0 PR .- P,
Y, S EGe,r nl 2)-® %L N

IT = BT (805, « 190%, + 144L%,) - PL%=0
ey ( ks 5 )

CouBd= ey (3 -x)
GEXL

no ol \cuAs‘, no shw; no forspn

a,= O < axim

prametess wll
go ‘o zer
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TOPIC 2:
Strong, Weak, and
Galerkin Forms
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TOPIC 3:
The Element
Point of View



Tre gooerm ons o8 atypeal pobln o derued wlt. o coordumie sylen. So Cr, wsng He
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TOPIC 4:
Multi-freedom
Constraints



Upen m%ceﬂm—‘wﬂ D&Eqs of POEs we encourter hegaten constans whdn, deperding, on thar udue,
oler the reture aQ- the sdutton. Tn Jyvutm«cs, 4he mhal cmdi-hms, e kvvum, a sma\e.
solhen out o Ahe mlnrte Qum(y A& sduhens, Tn mecdhanies, Jne prdder \aundedy condrions QAR s
rde. In @dh case, TCs and BCs constrain Hhe prabem o darhe\/o\s\nﬁlc, solution.

Weve arerdy dedt wih constrants m FEM o preveus lectuces as a miler of ause. Now, lebs have
o wore expanded reatment. Tre Qest Hhree metheds medy he urcanstraned wedrix <gpetions olier-
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st ond placed n m«u,s/-lvh(s

Lead ~Fdlawer Elwmwedion

We Vave a-‘op\KA SVOF censtrounts \erdE,e.g.’ uw_:o or u\’q-— 0.6. l—\f;reJ 'H\QR S ne "Qv“ov)efs‘ DOF,
naerthdess ) He Yead-Collewer method Just aam\mhm K ey we've eovered prarously,

MuthBreeder, Constranks

— —
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We don’t ensder revlineas eamstrantks v fhg eless.
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Table 17.1 - One-Dimensional Gauss Rules with 1 through 5 Sample Points

Points  Rule

L [ F®E)ds ~2F©0)

2 [1 F&)de ~ F(=1//3) + F(1/V/3)

3 [1 F&)de ~ 3F(=373) + SF(0) + S F(J/373)

4 /,I, FE)dE ~ wiyF(&14) + wasF (&) + wag F(Exy) + wys F (€4)

S /_11 F(E)dE ~ w sF(&5) + wys F (&) + wisF(&35) + was F(Eys) + wss F(&ss)

For the 4-point rule, &4 = —&;, = \/(3 —26/5)/7,644 = —&14 = \/(3 +2.6/5)/7,
Wis = Wy = % — ﬁ,/S/().and Woy = W3y = % + ('7,/5/6.

For the 5-point rule, &5 = —&;5 = _{\/5 4+ 2/10/7,&45s = —&35 = _{\/5 —2J10/7,&5 =0,

wis = Wwss = (322 — 13/70) /900, wrs = wys = (322 + 13+4/70) /900 and w5 = 512/900.
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STEP 4, Aﬂol\/ the Gaugs rregrrten vules o wﬂ%m\e e m—\egml m K€

Table 17.1 - One-Dimensional Gauss Rules with 1 through 5 Sample Points

Points  Rule

I [ F&)dg ~2F(0)

2 [ F®dE~ F(=1/Y3) + F(1/V3)

3 [ F@) de ~ SF(=35) + F(0) + $F(J/375)

4 f_l, F(&)dE =~ w4 F(&14) + was F (&) + was F (&) + was F (Ey)

5 [ FE)dE ~ wisF(Ers) + wasF(Eas) + wssF (635) + was F (§45) + wssF (€ss)

For the 4-point rule, &34, = —&,y = \/(3 —26/5)/7,E4 = —&14 = \/(3 +2.6/5)/7,
Wiy = Wyq = % — %\/5/6.and Wiy = W34 = % + %\/5/6

For the 5—point rule, &5 = -Elﬁ = .lz\/ 5+ 24/ 10/7, S.;s = —E;s = %\/ 5— 24/ 10/7,5;5 =0,
wys = wss = (322 — 134/70)/900, wss = wys = (322 4 134/70)/900 and w35 = 512/900.
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TOPIC 10:
Finite Differences and
Time Integration
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clear;clc;

%% Setup - User Input
n site=1001; % # sites
L=1; % domain size
c=26; % speed of sound

T=3/100; % total simulation time
eta=1/3; % Courant #

%% Mesh Definition

x=linspace (0,L,n _site); % mesh
dx=x(2); % space step

dt=eta*dx/c; % time step
Nt=floor (T/dt); % # time steps

i indx=[1:n site 1:(n site-1) 2:n site];
J indx=[1l:n_site 2:n site 1l:(n_site-1)];
value=[-2*ones(l,n _site) ones(l,n site-1) ones(l,n site-1)];

Q

K=sparse (i indx,Jj indx,value); % coefficient matrix

%% Explicit Time Integration

u_init=sparse(n_site,1l); % initial displacement

)

v_init=sparse(n site,1);v_init(round(n site/2),1)=1; % initial velocity

u=sparse (n_site,Nt+1l);u(:,1)=u_init; displacement matrix;
time steps.
for k=1:Nt
if k==
u(:,2)=(eta”2)*K*u(:,1)./2+u(:,1)+v_init*dt;
else
u(:,k+l)=(eta”2)*K*u(:,k)+2*u(:,k)-u(:,k-1);
end

%%%%% Plotting

if floor(k/15)==k/15 % plot every 15 time steps
plot (x,u(:,k+1), k="', 'LineWidth',1);
xlabel ('Position, x'");ylabel ('Displacement, u');

title(['t/T = ',num2str (round(k/Nt,3))]);
axis ([0 L -1le-5 3e-5]);
drawnow;

end
end

each column is

% the displacement vector at different



Newmark-§ Integration Scheme
Michael J. Frazier, University of California, San Diego

1 Explicit Time Integration

Over the past couple lectures, we have developed the basics of numerical integration via the
method of finite differences and even applied this tool toward the solution (i.e., simulation)
of a string with a propagating disturbance. This example was a demonstration of an explicit
integration scheme, i.e., one in which the solution at a later time step (i.e., w/™!, w/*! /*+1)
depends on the current conditions (i.e., u’/, %7, ii/) or earlier states. Now, let’s consider a more
general dynamic system than the string, one in which spatial discretization is accomplished via
the finite element method, yielding:

Miu + Cua + fint(u) = lext (t)a

where M and C are, respectively, the mass and viscous damping matrices; fi,i(u) and fo(¢)
are, respectively, the internal and time-depended (i.e., excitation) forces. Let’s assume a linear
internal force-displacement relation such that f;,;(u) = Ku where K is the stiffness matrix. Thus,

Mii + Ctt + Ku = fo (1). (1)

Using central differences, we can replace the derivatives in Eq. (1) with the following approxi-
mations:

Wl — gt

) I § A 9

u=u N , (2a)
oWt 2w !

g oh

which, upon a few algebraic manipulations, gives the update rule

1 1 . 2 . 1
— M+ —C+K|uwt = Mu’/ — M

1 ,
— Jj—1 ;
(At)? 2At (At)? (At)? 2Atc Wt L (JAL),  (3)

with time step, At. Equation (3) represents a finite difference time-integration scheme. Notice
that the displacement at a later time, u/*!, depends on current and earlier conditions, u’/ and
w1 therefore, the scheme is explicit.

( R

Implementation Procedure:

1. Store the current conditions u’, 00/, and ii’. If j = 0, then these are the initial conditions.

2. For a given integer j € [1, N; — 1], solve the update rule for w**. N; is the number of
time steps.

3. Update the stored current conditions as w/*! — v/, Wt — o/, and /! — W,

4. Repeat Steps 1-3 successively for all j € [1, Ny — 1].




There is, however, the small matter of the special case of j = 0 where, in Eq. (3), JAt = 0 and
uw/~! = u!. To resolve this issue, just as with the string problem, we use Eq. (2a) with j = 0
to determine that u™' = u! — 2At1°. Subsequent substitution into Eq. (1) with j = 0 gives

2 2 2 ]
[WM —+ K:| ul = (At>2MuO —l— |:A_tM — C:| 110 + fext(o)-

After determining u' for j = 0, the update rule in Eq. (3) is followed.

2 Implicit Time Integration

2.1 Linear Acceleration Scheme

In the derivation of the previous explicit, time integration scheme, we replaced the derivatives i
and 1 with their finite difference approximations stemming from Taylor expansions. Now, let’s
try an alternative route. Assume the acceleration varies linearly over a given time increment,
then:

A e ,
ii(r) :ﬁ9+—7At0(ﬁJ+1 —iil) g <7 <to+ AL

where 7 is a dummy variable. Next, we integrate the dummy variable, 7, over the time step,
i.e., from ty to ty + At. Just as in undergraduate dynamics, we integrate once to arrive at the
velocity and a second time to determine the displacement:

t — )2 . .
a(t) =o' + / i(r)dr = + (t — to)W + (t—to)” 2;‘;) (W — i),
to
t _+\2 — )3 .
u(t) = u’ +/ u(r)dr =’ + (t — to)0’ + (=) i’ + (t—to)” (@ — ).
to 2 6At

As we are interested in the value of these quantities after one time step has elapsed, in the above,
we substitute ¢t — ty + At, yielding

. AL .

) A + 7({19—1-1 + ﬁ])7 (4a)
, , (AL ,

Wt = w + At + %(ﬁ”l + 2i). (4D)

We could stop here and insert these definitions into the Eq. (1) to develop an implicit update
rule, but lets continue.

2.2 Average Acceleration Scheme

Now, let’s assume a constant, averaged acceleration over the time increment At given by
1 .. .
ii(1) = 5(iiﬂ“ +i?) g <7 <to+ At

Now, we integrate the dummy variable, 7, over the time step. Integrating once yields the velocity;
yet again gives the displacement:

. ¢ ot —t . 4

u(t) = +/ i(r)dr = o + To(i'ﬂ“ + 1),
to

(t —tg)?

7 (W + ).

u(t) =w + /t u(r)dr = w + (t —to)0 +

to



Again, substituting ¢t — tg + At into the previous gives:

. . A . .

Wt =l + g(ﬁﬁl + i) (5a)
. . . At)?2 .

Wt = W At + %(ﬁﬁl + i) (5b)

We could stop here and insert these definitions into the Eq. (1) to develop an implicit update
rule, but lets continue.

2.3 The Newmark-5 Scheme

For the Newmark-/ scheme, we essentially combine the results of the linear and averaged accel-
eration techniques. Consider the displacement definitions in Eqgs. (4b) and (5b). Each of these

may be represented by a single equation with the aid of a tuning variable, § € [%, i]:
+1 Y (At)? e i1 . j
" =u) WAL+ S 260+ + (1 —2p)W], (6)

where § = 1/6 and = 1/4, respectively, yield the linear and average definitions. Intermediate
values result in a scheme that is a little bit of both, and g determines whether the scheme is more
of the linear acceleration assumption or the average acceleration assumption. Values outside this
range are meaningless and may result in either an unstable or less accurate scheme.

For the velocity, equations (4a) and (5a) are identical; however, notice that if the i/ ™! term were
absent, then we would have an explicit scheme (since the updated condition would depend on
current or earlier conditions). Introducing the variable, v € [O, %}, we can combine the explicit
and implicit definitions:

W =0l + At [y + (1 - 4)i], (7)

where v =0 and v = %, respectively, yield the explicit and implicit definitions.

r

e Linear Acceleration (Implicit), (8,7) = (3,3)
e Average Acceleration (Implicit), (8,7) = (i, %)

e Explicit, (5,v) = (0,0)

\

Ultimately, we are interested in the updated displacement, u/™!, when solving Eq. (1). We will
accomplish this following a series of substitutions. First, let’s solve Eq. (6) for ii/*!:

. 1 . . . 1-28)\ ..
g+l J+l _ 0 At — 13
W= g T oA ( 2 ) - )
and then substitute this into Eq. (7), giving:
Wt = AL [ (Wt —u! — Atw) + 26— i’ | . (9)
B(AtL)? 2p

Now, according to Egs. (8) and (9), 0/ and #/*! are each a function of uw/*!. As we have done
before, we replace the derivatives in Eq. (1) with these definitions and manipulate the result

3



into the form below:

1 g 1 _ | 1 g : 1 T—8 g
ﬁ(At)?MJFBAtCJFK}uJH_[5(At)2M+BAtC}uj+[ﬁAtM+< 5 )C:|llj+...
1—-2p v—28 .
K 25 >M+At< 25 >C:|uj+fext(jAt).

(10)

Notice that, here, we need not concern ourselves with 7 = 0 as a special case!

r

Implementation Procedure:

1. For j = 0, initialize u®, 01°, and i°.

2. For a given integer j € [1, N; — 1], solve the update rule for uw/**. Then, substitute u/™!
into Eqgs. (8) and (9) in order to determine /™' and w/*!, respectively.

3. Update the stored current conditions as w/*! — v/, Wt — 0/, and /! — /.

4. Repeat Steps 2-3 successively for all j € [1, Ny — 1].

\

Remark: In formulating our update rules, we have assumed the internal forces to be linearly
proportional to the displacement, f,;(u) = Ku. If this is not the case (i.e., the force-displacement
relation is non-linear), then a root-finding scheme (e.g., the Newton—Raphson method) will have
to be employed to find the w/*! which balances the equality in the update rule [Eq. (10)].
The form the rule takes will be essentially unchanged, e.g., the Newmark-3 above would simply

become: X
Bt ﬁc W 4 £, (W) = Same Right-Hand Side.
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