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In a typicalstaticscourse we seem theforcesandmoments over a rigidbody in ordertodetermine
the equilibrium conditions

Solidmechanics canbeconsidered an extensionofstatics wherewetake intoaccountthe internalbehavior
of a deformable material

The deformable bodies ofsolidmechanics are describedbyPDEswhich areeasilysolvedforonlyvery
simple cases e.g ID deformation planestress pressurevessels Formorecomplicatedscenarios approximate
solutions are sought e.g theFEM
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In our study of stress we never consideredthe responseofthebody e.gpotatomaterialcube
dueto theapplied loadingWeexpectthebodyto deform i e changesizeand shape which involves
material displacement
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rigidbodymotion everybitofmaterialdisplacesthe same amountTherelativedisplacementis zero
deformation bitsofmaterial depending on position displace a differentamountTherelativedisplacementsnonZero
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normalstrain deformationalong i e parallel to an axis
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Stress at a point is determinedby 3perpendicularplanesand so is strain

Ei 2
2 2 Ui U U u u W

X X Xz Y Xz 2

En 122 2 92 12 defy 2 1224 Ez 24 engineeringshearstrain
Jaymathematicalshearstrain

Ex They 1292

Ei E Txy Ey 12 2

1292 12 2 Ez

ex 0 0
µg

Ey O O

I se o

Iz dy
Tiz d O d

Iz dx

Txy F O

e
D






































































































































In our studyofstress we dealwiththeforces on a body In our studyof strain we
dealwiththe geometric changes of a body In each case we made no reference to
the material ofthebody so thoseformulas are valid for allmaterials But we know
fromexperiencethatstressand strain are related to eachother these are theconstitutive
equations

MostEngineeringMaterials
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A Linear limit stress is a linearfunctionof strain
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Problems involving thefull 3D constitutiveequations are oftendifficultto solvewithoutthe
use ofnumerical tools Conditions of planestress and planestrain allowtheanalysis to be
simplified and applied to 2b problems

planestress one dimensionmuchsmallerthantheothertwo thinplate thinwalledpressure
vessel thindisk gears All loading is in theplane
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plane strain one dimensionmuch largerthanthe oter two tubesshaftsunderpressure
retainingwalls or dams
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Giventhe thinplatewiththedimensionsandmaterial properties shown below in response to
applied displacementswhatarethe internalstresses
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TOPIC 1: 
Energy, Virtual Work, 

and Minimum 
Potential Energy 






































































































































energy thefundamentalmechanismbywhich a systemmaybealtered in someway
kineticenergy energyofmotion

potentialenergy energy positionIconfiguration gravity electricmagneticfieldsstrain

workenergysupplied to 1removedfrom a systembyexternalfactors theproductof a farceand
a simultaneous in line displacement W E dir
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Theprincipleof virtualwork allowsthegoverningequationsof a system to bederivedfrom an energy
perspective and aids in discovering approximatesolutions Wewilluse thisas apartoftheminimumpatenta
energytheorem as abasisfor developing theFEM It is essentially a statementofstateequilibrium

Wecannottalkaboutvirtualworkwithoutdefiningvirtual displacements Consider an rigidbody
acted uponby an arbitrary setoffarcesImaments Imaginethatthebodydisplaceswithout
changinganyoftheforcesImomentsthatact upon it

f
E

F

We'refreeto imagineany displacement we wantas long as the virtual displacements obey a
set of rules

imagineddifferential
1 infinitesimal behave as differentials du See

actualdifferential

2 instantaneous imagineddisplacementsdonotimplythepassageoftime

3 kinematically admissable mustnotviolateconstraintequations

since the forces are presentduring thevirtual displacements some virtualwork is done

SW E Sir ESoit EnSein FIE Sa
Since Sui is as arbitrary as our imagination withtheaboveconstraints fora rigidbody tobe in
staticequilibrium SW 0 since Ei O

For rigidbodies theprincipleofvirtualworkoffers noadvantages overNewton's2ndlawfromstatics
Howeverfor asystemofinterconnectedbodies theprinciple ofvirtualworksimplifiesthingsbyallowing
us to ignore internal loadsandreactions atfixedsupports sincethesedo no work






































































































































Problem Determine the foree FB requiredto balancethe load E on an assembly oftwopinned
connectedrods

FB dyes
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Y Lcos0 Sy Ism SO

Xe 21since Sxe 21cosOSO

SW CFBsince 2Ecos8 ISO 0 2EcosO Frgsin0 0 S E Frgtan0

In statics we wouldhaveto drawfreebody diagrams foreachmemberand involve reactionknterna
forces The principle ofvirtualwork greatlysimplifiedthings

Problem Determinetheequilibriumconfigurationofthedouble pendulumwithhorizontal leadPappliedto
the freeend
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WorkDone on DeformableBody e

b

goxt
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xydxdddfuitgy.dz fxy dqdyJldxdddfu fudE tgdydy

bCdxdyddd ut d dqdyz x direction

so since DX is constant
Note dfuadgujdxJ du dexdx

exlddddwf.LI dgIyxx bxdu IE tzdzq tzbxgdexdx fzzoxtdgyxy lzb.deIqdy

0xdEx Txydfd dxdydz Xdirection

This is theequilibriumequation in the x direction Forequilibrium tobemaintained itmustvanish

Differentialsrepresentverysmall changes in a quantityTherefore theproductofmultipledifferentials
quickly approaches zero Above dexdxand d

ydy
aremuchmuchsmallerthandexandd Judy

so muchso thatthey can be ignoredwithout significantly impactingthefinalresult

dW f0de 4yd dxdydz x direction if O thenwehavethe ID result

DV differentialvolume






































































































































Includeworkfrom ydirection forces1displacements

DW foxdex oydey i xydfdguyJ txydfdgdxydV

foxdex oydey Txydy.glDV 2b

Includeworkfrom 2direction forcesmoments

DW 0dE 0ydEyt ozdezt xydyy txzdfxz i yzdyyf.eu 3D

Integratingstrainsgivesthetotalworkdone In thefollowing weconsiderdef
dWdV the differential

workper unit volume

I OxEx OnCy t 02Ez TryHy t 1222 t TeyzYyz 3D

Problem Whatis theworkdoneby a horizontal loadapplied tothetip of a cantileverbeam

s p
s l

go go go go go
dW OxExtOyEy OzEz txyyxy Txzfxzt yzfyddV goi.EDU sincethis is a ID problem
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Because ofthe linearforce displacementrelationship W F Ff z
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u displacement at l






































































































































Wehaveconsideredvirtualworkfromtheperspectiveofrigidbodieswhichmustvanish inthecasethat
thesystem is in equilibrium astheappliedforcesseem tozeroFordeformablebodieshoweversomeenergy
is stored in deformingthematerialwhichpreventsthevirtualworkfromvanishing

U OxEx OyEyt GEz TryJey 2 222 tTeyzYyDdV W strainenergyof a deformablebody

p
pointforces FP I Yt area surface forces T

s v body volumetric forces b
s v

p u w qq.p.y.ae qdpg u µ duu u
u

SU SW IIF Sci LETdadSir HbdidSir
R

S U Iip a LtdD u HEdid a o

T1 totalpotentialenergyof a deformable body

p
When a load isappliedto anelasticbody theworkdone

u bythe leadbalancesthepotential strainenergystored
exactacid in thebody U W O

P k If wedonotknowaG then we canguess adisplacementUG
u

t which is a functionwemakeup If wecalculateUandW
basedon v thenwe'llfindthatUW1 0 However we canvGd
tryto find a formof uG suchthat IT UW is as close
to zero as possible we wantto findtheformofVCD
that minimizes ITfed

For afunction wefindthefunctionminimalmaximabylocatingthe
pointwherethegradientvanishes Asimilarconceptworksfor
findin the minimalmaximaof a functional a functionof a function
likeFTEDwhich is a functionofthedisplacementfunction uCx
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Rayleigh Ritz Rules

1 thedisplacementfunctionmaytakeanycontinuousformpolynomial trigonometric logarithmic
acombination etc

2 thedisplacementfunctionmustadhereto kinematicconstraints i.e knowndisplacementsfrom
problemdefinitionmustnotbeviolated

3 more terms in displacementfunction comewith more tuning coefficients moretuning
coefficientsallows forgreaterfinetuning ofthefinalsolutionwhich improves accuracy
4 do noteliminatetuningcoefficients unless kinematicconstraintsrequire it otherwise you
mayworsentheaccuracy of yourfinalsolution

Problem Determinethedisplacementprofileacid fora longthincantileverbeamwith a horizontal tip
load UsetheRayleighRitzMethod
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Problem Determinethedisplacementprofileacid fora longthincantileverbeamwith a verticaltip
load UsetheRayleighRitzMethod
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Problem Determinethedisplacementprofileacid fora longthincantileverbeamwith a vertical
distributed load UsetheRayleighRitzMethod

Iv f f f f
9 go

TU
y

U AotAX a As a4
4

same as above

z
292 693 1294 2

U ELIFChaz least 1294
22dx

ZEID Say Sql Ga Uday 1312saz Blaga 112dm5

w f qWuCxdx go az ITas Esau

IT U W

SIT SeaWS IIISaz IIISas LILSay
O

Jia 4damCelia 813ay O

Jia Gada
t 121 1814ay 90414 0

fatty Haz11814A 144gsay gges o

44 a
691i 9 249

UCH24971 612 41 1 2 exact solution



 
 
 

TOPIC 2: 
Strong, Weak, and 

Galerkin Forms 
 
 
 
 
 






































































































































Thefundamentalproblem ofthecalculusof variations is to findthefunction addsuchthat

Tiu fabFfx u tyg dx reaches an extremevalue intheinterval xcCab with boundary conditions

uCa u and ulb uz Fmayincludeadditionalderivativesof u in x Thetaskoffinding an
extremevalue forthefunctional Ttu is conceptuallysimilarto findingtheextrema of a function
fan defined as the Xi where3 O forTed theextremaresults in 511 0

STIG SlabFfx u 2 dx labsFdx wear varyingthefunctionacid
notthevariable x

fabfftusu ffu.CN dx since Sf IS similarto gfjfy g.FI

fabIIIsudxidgf.subyabgzpgIu.ygudx
for a continuous function f

a

Su 0 at x a andx b since it is known
fabIja 221LIU Sudx 0 that uca u and u b uz

0

IF ff o

laidx yxlab.gab.ae

u a a

strongform s mustbe satisfied ateverypointinthedomain

fabIu ffIu Sudx 0 weakform w mustbesatisfied overthe interval x c la b
a lessstrict requirementthanpointwisesatisfactionThe
FEM is based on thisform

Problem findtheshortestcurvejoiningpoints P Gy 0,0 and PzCxy 1,1

yn variationsofadmissable differential curve length ds dx2 dxYfunction

fundemisgable

ds fit DX

SIT Sfp fl dx s findthe curve yG that
x minimizes thecurvelength s

2 SyFy 0 strongform F ds fl fax
2 dx

y65 0 y D I
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DX It ya Ii ya DX

dy cdx S y c x Cz

c o 1Cz O
e a c i to 1 691 1,0 4 1 ceo

y x is theshortestcurve joining P and Pz

StrongandWeak Forms for an ElasticBody

rod supportsaxial loadsonly
e

j
s p

u g
S s p
g e

0

T U IEP u ffTdhd.u ffbdb.ee o

l e
U Ifo edAdx z fox2dAdx zpfeftdx.AEfgduxYdxv f v o o

Ex 00 Ox Ff Edie2x

W b udAdx Pull bAudx Pull fudx Pull
v

Tt U w f fAEz fu dx Puce

STL SCUW fAE Su fsu dx Psuces AE Su7dx AE Su AEIIIISudx

f4AEu fISudx AECude sull 6 Suits PSM since ucogo

µAEu fISudx AEude PSuch O

O O

AE f 0 governingequation Requires continuityofthefield
variables inthedomain and

u g prescribed displacement Dirichlet essential BC differentiabilityupto theorder

AEudes P appliedforce Nuemannnatural Bey
ofthegoverning equation






































































































































A boundary valueproblem involves imposingboundary conditions on thefieldvariable u

Althoughwe couldsolveCSSdirectly wewill usethis ID problem to illustratetheFEMRecallthe
Rayleigh Ritzmethodhad us define a trial solution andthenminimizethetotalpotentialenergy
w r 1 the solution parameters we will essentially dothesame thingfortheFEM

v2 v V is a collection oftrialsolutionswhich
adhere to the kinematicconstraints

is µ u here uco g

v vous w w w is a collection ofweightingfunctions
virtualdisplacements which vanish at

W W theknownkinematicconstraints WCO O
w

w Su
w ws

TEAu fWdx O
w SU

EAf u wdx followdx O e EAf u wdx EAuw EASu Wdx

EAfu Wdx followDX EA we O
o

EAffxwidx fefwdx EACK.clw axCOW Thisintegralrelation istheweakCWform sonamedsince
integrationbypartslowersthederivativerequirement on
thetrial solution

ApparentlytheCSSsolution u is also a CWSsolution Westill do notknowthesolution u butsincethe
order ofthe derivative is lower in CWS we havean easiertimefinding a trialsolutionu i e we
needonlyconsider trial solutions which possessfirstderivativesButcansuch a trial solutionofCw
be a solution ofCSS

EAffw dx ffwdx Pulls a EAfvWdx EAvxwff EA

fotxxwdxofeCEAuxxfswdx pwcd EALv.deWH videoCID 0 sinceanytrialsolutionmusthaveuco g

folEAV f wdx WH P EA D O CH






































































































































EAU f O and EAVx l P musthold Let'sprove it

Assume w loEAV f with locos 0163 0 Remember w maytakeanyform so long as WEI 0
since thedisplacement is known at 0 UCO g Thus ourassumption isperfectly legitimate

of n
Assume106520

Substitute w into 13

JoelEAU fwdx f4EAu f5ofdx 0 since w l O

since los0 for x c Od and EAV f520thenEAU f 0

SinceEAU f 0 is truefor one choiceof w it is true for all legitimateformsofw Now
assume an alternativeformof w where wA to butwe03 0 isalwaystrue then12Jbecomes

w P EAudes O EAVEl P since wedto

TheFEM is basedupon an approximateversion ofCWSfarm

EAµwdx ffwdx Pulls s EAaCwv Cw Pulls

aCwD aCuw symmetricstiffnessmatrix forcereciprocity

Galerkin's Approximation

1 Assume a formof w eW oftheappropriatedifferentialorder firstorderin our case

w CiNi ei are tuningcoefficients Ni are basisinterpolation orshapefunctions Nico O

2 Usefunctionsw'tew toconstructyourtrialsolution u eU

v w of w EyUiNi ol gNm Nn l

since uCOS w 05loco g noticethatvandw are identical in construction up to d
3 Apply to Cw

EAAw w to Cwf Pull s EAaww't Cwf PwCd EAalwOD

EAaLEeNianFFieN EciNias f Pf eNce EAAftpciNiasgNn lx






































































































































EAaWildN u Nik f PNice EAa NiasgNn ci canbe factoredoutbecausethey
appeareveryterm

unknowndisplacement Noticethatthe RHScontainsall of our
knownquantities g P N theLHS
containstheunknowns Ui

NixNixNixNyx NinNn InternalLoads

EAf vz.xN.ie WaxNam NuNn.indx uI ft fdx PNNn gEAfNn dx
DNilThientBE

symm NnxNnx x

K ut fstiffnessmatrix displacement
vector force

vector
whatto considerwhendefiningNicx

I The numberof N corresponds tothenumberof nodesOutof a totalof n Ni m Ni are reserved
forthe m unknown Ui ie M n constraints

2 TheNimustbedifferentiable at leastuptotheorderof v en w
n i i e

i
i i

do continuousdisplacements CC continuityl I
i e i
e i e s X
l I i

n l I i
E II l I

i e ib i e B discontinuous strain C continent violation
i l I
i e i g X
i p go

I

3 Nice Sij sothat u is notinfluencedbyneighboringdisplacements

Problem Determine the displacementfieldUCx overthe rod bytheGalerkin formulationI 1

few
s s s s s s s s s P

X O l
Xz l
u da Pu g 2 DX

Thisrequires twoshapefunctions one foreachnode Nex andNix N I Me N Me

Notice asbasisfunctions N andNzspanthewhole linearfunctionspace i.e e N czNzgivesany line

y c N t CzNz c fl Ie CzIIe CzGxp c Mx b






































































































































a NzNzUz Nz f PNzIS aNzNdg N Nne

If E f dxf.ui tfoexfexsdx P gf.FIf.Iedx f uz tefoexfexsdx P.ge
K Tr f

uCx u N uzNz EuNih
Noticethatthe rodhas 2 dof.sbuttheproblem has 1 constraint therefore weonlyneedto
solve far 9 do.fi i.e uz Thisgenerallyholds systemdof.s constraints unknowns

Problem Determine thedisplacementfieldUCx overthe rod bytheGalerkin formulationI i

f x
s s s s s s s s s s P

X _O X X _I
a u u did P

3 DX

Thisrequiresthreeshapefunctions
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ExitYie7
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non invertable without a displacementBC theproblem is unsolvablebecause
K is notinvertable withouta displacementBC the rodstructure isK If floating that is 21 0
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Problem Determine thedisplacementfieldUG overthe rod bytheGalerkin formulation

I 2 3 s
p unknown nodes 2 13,53

l
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TOPIC 3: 
The Element 
Point of View 

 
 
 
 
 






































































































































Thegoverning equations of atypical problem are derived w r1 a coordinatesystem So far usingthe
Galerkinformulation we havecarriedtheCartesian coordinatesystemfromthegoverningequationThis
is very cumbersome in ID withelementsofvarying lengthandgetsworse in 2bBD Pluswemustdefine
a shapefunction foreverynode intheFEmodel

Conversely theDirectstiffnessMethod DSM streamlinestheFEprocedureTheDSMCDstandizesthe
formulationofelements e.g rodquadrilateralbricketc 2 andthenassembles a FEmodeloutof a
collectionof elementsThisprocedure is muchless cumbersome muchmore convenient inpracticeTaskCD
is accomplishedbyutilizing anelementcoordinate inplaceoftheCartesian coordinate system

TheGalerkin method definesandassemblesthe FEsystemofequationsall in one shopTheDSMsplits
thestepsapart

Galerkin DSM
Domain xc O l GcCl I
Nodes x xi i I nodes

egg fuzzy
Fer ID problembutconcept

shapeFunctions Nidd i I nodes extendsto higherdimensions

Boo Boo Boo Boo Boo
i
i i

Xi le Xix
Mapping x g

NKS i N X
le le Let Cx c GX

s Xi c t Xi Ey l
Xi le Xix

i gcxi.us e taxi sn lII IIHiIi
l

l ll I
i f C Xi it j Cz2ge

N If Nz II2
Cx 2x fi Xia xg feetXi Xiu2

sqget le g I

N xg 2Xit Egle Xi Xin 1 9 NoticethatN Nz I Thisensuresthatinterpolated
2le 2 displacements arenot averlanderrepresented In

general I Ni INixg I fletxixiu 2xi l92ee 2






































































































































Recall

goat
Eee

guk Njie 1 IF IEIe
Ue zffeeocxsecxsdAdx.IE

ee2gdFzdx

EftfdgNiuY2gNxa dx

za4eE i 1dgit zii2EeAFit2 dega IiiKea strainenergy

Ke elementstiffnessmatrix

is e it Ias Iii as

Usingelementcoordinates we no longerneedto
Egede 4 fide Eeftf 4 knowtheelement's x positiontodetermine IT

weneedonlyknowits physicalandgeometric
propertiesi.e E A and leTheassemblyprocess
takescare ofthepositionpart

We fotfexsucxsdx.at NiCxSfex3dx uTfiNicqfcg3zedg ufe workdonebydistributedload

f elementforcevector

Theabove formulationofE features8cg a continuousfunctionofg Recallthatucepnn.INEpa whereu are theunknowndisplacementsatthenodes Similarlyalthough wedon'thavetoo we can approximate
g a Njg f where f fex In thatcase

f
e

fNiG NEg fdeg elementforcevector consistent consistentjustmeansthatweused a
shapefunctionto approx justas
we did for uCx

eeG
Ethesearenotunknown f fedand fi fad

Noticethatboundary conditionshavenotbeenmentionedThese are accounted for intheassemby
process






































































































































LocalCoordSys E O I
2 2
0

elements CH T
r est s E

nodes GlobalCoordSysYBreakUp G a
sx

i CD 2

O Y
p n O

I 3 3
O 03 O O
D D r 2
am 002

simpletrussstructure M FEModel

The rod FEmatrixequations are basedonthe3DgoverningequationEA222 tf O Inthe localcoordinate
systemnodes displaces in eitherthe x ar y directionsbut in the global coordinatesystemthe
nodesmaydisplace in both I and I directions Allelements in a FEmodelmustadheretothe same
global coordinate system

me aefi Iexr
n
d.an

m
desaEefo8g 8g

ae.t I
e

inside.fi te f Iexran.dan indesfE

local global

Ehµ 4 8 4 5 Unede tu

Eyal en
g

fo n in
a Ex um u EyEd u UeaExEx 4gEyED exp Qal

r
Mixcos0 1 UySino Y Ex

O X

a Ey um u ie e u.y uexCexey eeyCEyEy TO z E
X

U SMO1 U cos0

Thesametransformations canbedonefarEez as wellas be formulated to accountforthe zword
Togetherthe 2b localglobaltransformation is






































































































































ul UG

ie 1
F globaldisplacementvector

R rotationmatrix
localdisplacementvector

Allalongwe'vewritten keandE in termsofthelocal et displacementsWemustmoveto the
global system

U Iz Their RadtkeRica uGYRtkeRua zcuGJKe.ua
Iseinglobalsystem

L C se E se
ke EIAef.sc s2 se where c cos0 s SMO

ee e se E
se S2 Sc

similarly fe RTF
Eglobal local



 
 
 

TOPIC 4: 
Multi-freedom 

Constraints 
 
 
 
 
 



 
Upon integrating D Egs of PDEs we encounterintegration constants whichdepending ontheirvalue
alterthe nature ofthesolution In dynamics the initialconditions once known identify a single
solution outof the infinitefamilyofsolutions In mechanics the problemboundary conditionsfulfillthis
role In each case ICs andBcs constraintheproblemto identify asinglesolution

We'vealreadydealtwithconstraints in FEM in previous lectures as a matterof course Now let's have
a more expandedtreatmentThefirstthreemethodsmodifythe unconstrained matrixequationsafter
thefeet theforthmethodbuildsthematrixequations andaccountsfortheconstraints simultaneously

There are pros and cons to eachmethod

Leader FollowerEliminationandtheConstraintMatrix theDots involve in eachconstraintare separated
into leaderandfollower botsThefollowerDOFs areeliminatedfromthefinalmatrixequations

Penalty Augmentation eachconstraint is enforcedapproximatelyby a factiousstructuralelement called
penaltyelementsThisinvolves augmentingthestiffnessmatrix to incorporatethestiffness calledweight w
ofthiselementTheconstraint is approximate if 0 we00 exactly if w 00 butthenthestiffnessmatrix
becomessingular

LagrangeMultiplier foreachconstraint an additionalunknowntequation is adjoinedto thematrixequations
these additional unknowns are physicallytheforceswhichenforcetheconstraintsexactly

ConstraintArrays theconstraints and theirplace inthefinalmatrixequations areaccountedforfromthe
startand placed in arraystables

LeadFollower Elimination

WehaveappliedSDOFconstraintsbefore e g u 0 or cry 0.6 Here thereis no follower DOE
nevertheless the leadfollowermethod is just ageneralizationofwhatwe've covered previously

Multifreedom constraints

uxi.eu I
a a.fiIiaUxz2Uxa Uxa 1y

we don'tconsidernonlinearconstraints in thisclass

Forthismethod foreachconstraintequation we wouldchoose a singleleadDOFthechoiceis
arbitrary andthen write theoriginalvectorofunknowns in termsof the leaders u TueThematrix
T is the constraintmatrix

FU TUL
ya g

following DOFs leadingDOTS



Problem Implementthefollowingconstrainton the systembelow

of as of cos of K A f fU Uz Us

fait ein
a us onu u'd U Uz

step1 Build blockdiagonal matrixequationswithoutconstraints

f u qui Effi
Is K O o u fiz i l

iii 444
ca ca ca

O O ke k Uz fer
w

Kb UD fo

step2 Identifyleaders andwriteoriginalunknowns in termsof leaders

U UY O O u

iii H I pL
U Us U O O p U
z 2

ub T

step3 Ensureenergeticconsistency

U z ub5kbubeizcuJTTK.TW Lu'TKu

w a Cab5fD ci5TTf Wtf

STI SCU W Slue5 Kei 89 0 Kul f



Kii ki

Y
f

t iii iiihit i
Step4 solve ut K tf

After a is known thecomplete solution obtained via thetransformation aF Tet

Problem Implementthefollowingconstrainton the systembelow

l 27 u g u is a followerwithout a leader one could
4 U2 us consider g asthe leader eventhough it

is a constant
Step1 Buildmatrixequationswithoutconstraints

H fig u L Effi
Step2 Identifyleaders andwriteoriginalunknowns in termsof leaders

UY U g UY O 0 Uz g

t.fi i HH
ca ca O l OU Us U2

no T 9

Step3 Ensureenergeticconsistency

U lzcubjkbub lzku4TT g.TK Tui g lzcui5TTKD ui lqcci5 tkbg lzgtkb u lzg.TK

W ubjfb ku4TTT gJfb cucj tfbtg

fbs.LTSCU W SCWJCTYPTuliTkbg.TTfb O

Kut f Kgg
T Tf tf

since 8494991 0 andSfgif o



iii in t.fi H

Forthe case offollowerswithout leaderssetting upthetransformationequations is simple Thesituation
is barely morecomplicated if leaders are involved

Problem Implementthefollowingconstrainton the systembelow

u Luz g multi freedomconstraint
U Uz U Uu

step2 eitheruz or uzmaybechosen a leader

Us Luz 12g let g g

it it
Things become even more complicated if one constraint'sfollower is another's leader

Problem Implementthefollowingconstrainton the systembelow

UzUy 0 U2 Luz gU Uz U Uu

step 2 If we writetheconstraints as UyUz and uz Luz1gthen uz is both a leaderand a
followerThisis inconsistentInstead wefindconsistentexpressionsby choosingthecommon
DOFUs as leader

Uy Uz Us 12Uz 12g

u I 0 Noticethatthe sizeof ourproblemcontinuesto decrease

ay
1HI1µg as we reducethenumberof leadersandincreasethenumber
42 of followers
I



Problem Implementthefollowingconstrainton the systembelow

F
Y gY n
n xvs L sel 2 X

l 3
O OD O11 11 00

Break up

2 I
0 O

F
Y gY n
n xvs L se

l 2 X

I 2
O O

Wii O 0 O U2x Six

u O O O gm

I f to
u O l O O

u O O I 02x

u O O 0 934

Themethod isexactupto computerprecision

Theconcept is easy to understandand
implement PROS

For numerical stability it isusuallybettertopickfollowerswithlargercoefficients
Whenthe followers areeliminatedtheytakecoefficientswiththemwhichstaves off NEUTS
illconditioneding k



Thechoiceof leadersandfollowers is difficult to program i.e requiresuser
involvement

andthusdifficult to generalize

cannotbeextended tononlinearconstraints cons

computationally expensive dedicatescomputermemoryto holdtheinitialmatrices
only toreducethemlater



ConstraintArrays

Eachelement is associatedwith a setof nodes eachnode is associatedwith a numberofdegrees
of freedom eachdegree offreedom is representedby an equation inthe FE systemofequations
Theconstraintarraysreflectthe eleonement node DOF equationassociation

Problem Determinethe FE matrixequationsforthe 4node 3element system usingconstraintarrays
l 2 3O O O O

I 2 3 4

I as us i csi

Local Global LGArray EquationArray EA

element s G D 3 globalnode S I 2 341I 2 3 x I 2 3 4
n2 2 3 4 equation

In DOF
localnode

globalnode

FromtheEA it is apparentthattheglobalequationswillhave4eqns

i p
Element l is associated withglobalnodes1and 2 which correspond to global equations1 and2

i s
e I If

as I3 23 hi a Y3

K Is K ki ki O o f

o's goof
yg

O O O 0

ElementCd is associatedwithglobalnodes2and3 which correspond to global equations 2 and 3

ked lo ca es ca z233 17,3 E 4asf



19 1913 ki ki O o f f

I y
o f f
O

O O O 0

ElementCD is associated withglobalnodes3and4 which correspond to global equations3 and4

3 3 3 CD 3
K 3 3 4 33 34 3

HE 3 4344 t Hole ski

3
19 13 143 ki ki O O E f E

µ µk Kii Kii ki o f'T fi
Kii ki key I

fi

0 O KE KE

Problem Determinethe FE matrixequationsforthe 4node 3element system usingconstraintarrays
l o 2 o

3
o uzdug a multifreedomconstraintsrelate one Dof to

i 2 3 4 otherDots We'vealreadyencountedsimple
proportionality constraintswhere a Dofhas a fixedvalue
constant e g Uz g

Local Global LGArray

element s G d 3 Since uzand uz are relatedby uz dug only one
1 I 2 3 ofthese istreated as unknown once we solve for
2 2 3 4 eitheruz or uz we automatically know the other
p

localnode globalnode

In this case oneDofproportional to another wecheese either uzar us as unknownthus we could
follow two Etfs

Us is unknown Uz is unknown

globalnode S I 2 3 4 globalnode S I 2 3 4
I 22 2 3 UzLuz x 12 Us fUzn n
equation equation

DOF DOF



In theEAtheunknow Does get an equationnumber thedependentDotsacquirethe same equation
numbermultipliedby a proportionality constant

FromtheEA it is apparentthattheglobalequationswillhave3eqns

O 0 O O
k fo o of E fo a
O O O 0

Element l is associated withglobalnodes1and 2 which correspond to global equations1and2
as

f
e lid Kia 2334 E that slid

19 1913 ki dki O f f tf f

fake akit of
fifty

O O 0

ElementCD is associated withglobalnodes2and 3 which correspond to global equations 22 and 2
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KEY to
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f
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ak a'll K talk Kii'S ki o µ t

O O O 0

ElementCD is associated withglobalnodes3 and4which correspond to global equations 2 and3
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K
fkn e s 134233

2
33 E Asta s
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Za Six a Problem Determinethe FE matrix
a gy b equationsusingconstraintarrays

I f gzy c

I 3 no 0 us goD o111112 30Un g O Ury gy O 7

Local Global LGArray EquationArray EA

element s G 25 CD globalnode S I 2 3 In theEAprescribed
1 I 2 I a I 3 displacements recieve
2 2 3 3 y b 2 e noequationnumber
y yglobalnode equationlocalnode DOF

FromtheEA it is apparentthattheglobalequationswillhave3eqns

O 0 O O
is fo o of E 101 a LIE

O O O 0

Element l is associated withglobalnodes land 2 which correspond to global equations1 and2
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fi i
Ii faKii ki Kii Kii fu

as19 1913 KY K's O E f tf fig fj Kaga K'jig
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Kii.gg
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O O 0

ElementCD is associatedwithglobalnodes2and3which correspond toglobal equations 1,2and3

KC Ed Ed Ed Ed I I 2 3 c 11 12 13 le k f I
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es co ed to uskill Kaz Kaz Kyu fi



Ed CD 2 k ed 2 as as as as19 1913 a 4319 193291 144934

Iii IIIE.ie i e fcos
31 32 33 3 k3ug3y

Element 3 is associated withglobalnodes2and3which correspond toglobal equations 1,2and3
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e a a b 3 c of ab ga ac ft f s X or

y gl
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Ifk i
Kii ki ki 1 fi

19 19143 K ked k 142 142 f f If f fed
l l
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fi
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f
ftp.ieiz.is

g
smeeg.xgy o

fYCkEIxk5EDgsy

Themethod of constraintarrayshasthe samePROS CONSandNEUTS issues astheLeadFollower
methodThere is however one additionaladvantage constraintarrays revealthefinalsize of
the FE matrix equations which is computationally efficient the leadfollowermethodstartswith
the maximum numberofmatrix equations andthen reducesthem computationally expensive in
reguard to computer memory allocation



Penalty Augmentation Method

Thepenalty methodaugmentsthestiffnessmatrixandforcevectorto incorporate an imaginary near
rigidelasticelementThespecificstiffnessofthisimaginaryelementisthepenaltyweight

Considerthesystembelow

y
penaltyelementenforcesconstraint uz uz O

u
at

U Uz Ug Uy

UEUy S UzUy I I fully O

I
p

U tzug
u tzuKu p fpp

w atCTco ut fP f
K

fG f3

Ifp
lookslike a conventional stiffnessmatrix
for one element

Wft f fun matrixequationsforfictitiouselement

penaltyweight largerw meansmorerigidsmallerwmeansmoreflexible

ki ka O 0

I B a t i is toow t w

augmentedmatrixequations

From here we solve as usual a IS I

Since w is finite I e thepenaltyelementisn'tperfeetyrigid theconstraintisonlyapproximatelysatisfied
i e uz uz e 0 Themagnitudeof theconstraintviolation letdepends an W thelargerw thesmaller
theviolation It alsomakes K ellconditionedwithrespect to inversion

Square rootRule supposethe largestcoefficient in magnitudes in 19 is oftheorder1OPandyour
computerprecision is oforder109thenchoose w ontheorderof 101095



Problem Considerthesystem and constraintbelowEnactthe constraintusingthepenalty method

penaltyelement addedtooriginalsystem toenforceconstraint
i
i i
i i

0 O O 0 UzUy g
U Uz Uz Uy

uz Uy L µ g

Wf f fun gf in this case g10 leadsto a penalty farce inadditiontothe penalty stiffness

Ki 192 O O U f

I i ffi.is ct ix i.sis
O w 1943 Kyytw U4 fy g

augmentedmatrixequations

Problem Considerthesystem and constraintbelowEnactthe constraintusingthepenalty method

O O O O u 24 34 0 can'tdrawthispenalty
U Uz Us Uil element butit's the

methodthat's important
u 2uz U4

g

is Iid
kutwkiz 2co O 3W U f

e wf.GL gYIg6 f
f ii ui.tt Ee o

seenn s

are positive Theconceptofapenalty
3W 6W Kaz Kyu19W U4 ful element is just a convenientvisual

representationofthemethod
augmentedmatrixequations



Lagrange Multiplier Adjunction

The Lagrangemultipliermethod is similarto thepenaltymethodexceptthatthepenaltyelement
is replaced by unknown reaction forcesthatguaranteethe constraint It has its basis in variationa
calculus butwe'll skipthederivation and gostraight to illustratingthe procedure

elementPenalty

i i
O O j Uz Uy O
U Uz Uz Uy

replacepenaltyelementwithreactionforces

reactionSorcery
c d d si

i
I i

0 O O O
U Uz Uz Uy

Augmenttheoriginalmatrixequations to includethereactionforces Lagrangemultiplier d

Ku 142 O O u f

I III t
O O ka k Ue fytd

Sinced is unknowntransferitto thevectorof unknownsandaugmentthestiffnessmatrix

ki kz O 0 O U f

I i fifty
O O Kaz Kay l Uy fy

d



Torenderthesystemofequationsdeterminateappendtheconstraintequationtothestiffnessmatrix

ki kn O 0 O U f

ka ka 1923 O 1 Uz fz

tl
s uene

O I 0 I O il O e uz Uy 0

Now wedemonstratethegeneralprocedureusing an exampleproblem

O O O O Ou UzU4 g Ui Luz134 0
Ui Uz Uz Uy

ki kn O 0 O U f

f ffffO O Kus Kau Kus Uy f4
O O 0 Issy Kss Us fs

Step 1 Appendtheconstraintequations tothematrixequations

Ku kn O 0 O U f

ka ka 1923 O O Uz fz

t

O O 0 Issy Kss Us fs
O l O l O g c uz Uy g
I 2 O 3 O O c u Luz134 0



Step 2 Append a reactionforce to thevectorofunknowns one foreachconstraint

ki kn O 0 O U f

ka ka 1923 O O Uz fz

IfO O 0 Issy Kss Us fs
O l O l 0 A g

l 2 O 3 O da 0

Step3 Renderthesystemofequations determinate by appendingthetransposeoftheappended
rowsofthestiffness matrix

ki kn O O O 0 l U f

ka ka 1923 O O I 2 Uz fz

L fi n n
e ne

O O 0 Issy Kss 0 0 Us fs
O l O l 0 O O d g

l 2 O 3 O O O da 0

Easyto implementandhasexcellentaccuracy PROS

It increasesthe size ofthematrixequationswithincreasinglysparse rowskolumnswhich CONS
is computationally undesirable in regard tomemoryallocation



TOPIC 5: 
Three-node Triangle 
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Te dx 12dg

ike.aefIgdaIgd5 EeAef.i if1 Usingelementcoordinates we no longerneedto
knowtheelement's x positiontodetermine IT
weneedonlyknowitsphysicalandgeometric

we_foeefcxjucxsdx iifoeeNtfdx.ie dx deg properties ie E A andleTheassemblyprocess
takescare ofthepositionpart
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RodElement

Ni Ni l N Yz N 0 shapefunction

I 1 a contours
l 2 I 2

Nz NEO NzYz NE
l l L

l 2 I 2

TriangularElement
3

SE's i
p 3 aSFO shapefunction
i i

9 s f contours
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TriangularShapeFunctions N G NzGz Ns egg
y 3n a i 43,43
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discretized system 42,42

x y co CzXtgy mapping from Cartesian to Triangularcoordinates
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it i IL iii s
triangle area

3 a
g Thetrianglearea is halfthe area I I lr

b b of a parallelogramwiththe 2A axD x xz x
triangleforming one corner Yi Ye Ys

I r
t a 2

Ue froedV IffeCEdAdz toavoidambiguity letthedisplacement
o function aCxy 56 y andthedisplacement

vector a u Uy amanyWe fufsdua.fraf5dAdz
3
U MY3

sexistfi 7,1 no Ing on no on no 811th cnn.uyi.acu.ie

ECxy 0 Nyx

l IofI 2
dy 2x

a B

II i ffiffiiaafi gag.IE
In thiscase 21 1 dyfianddyfi are determined fromthe above coordinatemapping
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Ue GOEDU lzf.ttEEEdAdz ziiheAenBCBu
A 0 Ige

we fufudu utfohefn.lvfdAdz note fagi'gigDA ez i
A where i j k20

Validation ofshape Functions

continuity along anytrianglesidethevariationof u Cxy and u Lxy is uniquely determinedby
the displacement ofthenodes on thatsize only

Ux NiU Ux Uxz z 4393

on side l 2 Ux U f t Uzfz since93 0 sameformy NiUyi

ans de g u u g µg s nee g o commay sawed

on side l 2 Ux U t U since9 0

completeness theshape functions are capableof describing a general lineardisplacementfield

Ux act a X tAzy

U NiU Ux Ux292 4393

fear ni

aot a X azy completeness satisfied



TOPIC 6: 
Four-node 

Quadrilateral 






































































































































Partial derivatives ofshapefunctions w r 1 Cartesian coordinates are required forstresslstrain
calculations and ultimatelyKeandFeThesederivatives are nontrivialwhentheshapefunctions are
notdirectly functions of X and y butofelementcoordinates

Ue fetc.EDU we fufuIdf
f

derivatives

The Jacobian relatesdifferentials among coordinates
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Nyx 0 Nz O O

ke hefBTCBDA where in 2b B O Nin O N In
NnnA

Niy N1 Nzy Nga n n

Numericalintegration is routine in FEMespecially for Iso PelementsStandardpractice is to useGuass
integrationwhich uses a userspecifiednumberofevaluationpoints to evaluate an integralto a given
accuracy

In Ib fiefdom wiEcole3 pinumberofevaluationpoints pzl
Wi weights
di CC l I

RuleofThumb p pointsintegratespolynomials up toorderg In general 2p leg

Problem determine thestiffnessmatrixofthe 2node rodelementbelowusing Gaussintegration
le N I g Nz 1245

I 2

X X N XzNz

dx x dgngidg xzdgngdg.az deg lzedeg

u N NII Net E nDNet BE

differential operator D






































































































































B elect II since 2 37 fEfeet 3 3 37 FEW
straindisplacementmatrix

rke AEfleBTBdx AEzeef BBds ALEE µ fdega

T The polynomialdegree is zero andso
we use p 1 integrationpoints

ise.eefaEi Ei I AEefi iI
In general wemayhave an integralofFCA overthedomainofcCab ForGauss integration
wemusthavethe integral over SEC I D Tothisend we use the linearmapping
4 og l g byHg therefore f bfafol atty Consequently dol Icb a dog

Problem determine thestiffness matrixofthe 3 node rodelementbelowusing Gaussintegration
NOTtwo 2Noderods
linkedtogether

0 o o 3NodeRod or if j o
l 3 2 1 12 2
k I I
I O l

og

Ni GGD Netzgeegal Ng I g

2
ja

2

do o o
I 3 2 I 3 2 I 3 2

X EEXiNi iso parametric

dx ExidgNgi fx 2921 x 2921 2gxfdg dqdg In general xi x.xi X.tl
andXs XFez






































































































































IE afidesaitzni

B 13 IF 2 Efes ta Fitz 29

GIT 92 I 25cg

is fefa.BEBdttdx 2EIf.tl symm.G tzY 29GytgIfd5

Ffg

Sincethehighestpolynomialorderappearing inthematrixabove is g 2 therulestates2p 129whichmeans p 2

Usingthe 2pointGaussrule

K 2teIAEFCYFD FCYFD EEAfg.gg gg






































































































































In theprevious Gaussintegrationmaynotbenecessaryhowever it becomesveryconvenient asthe
elements become more elaborate especially in higherdimensionswhere integration overmultiple
coordinates occurs

f FG.ysdgdq f.irwiFEgi.yJdy IF2wiwiFtgi.y

y
x 4 an

f

q
so x y 9

MAHI
c

_d
discretized system

dy
Yan
B DEE

Igd5i
d dgjan

Italy DEB
ydyi tydyJ

sq
O S X

gdg dA dEA d0B gfq
d dgdy lJldgdy

A

gd9






































































































































7
Xyya n x3,43

4 3 geC l I yeC I I

s N 144g t y N 14Hg t y

I a
Nz 4kg Hy Na Egg Hy

14nodeQuad

X y Xz

STEP0 Usethe iso parametricrelationto mapCartesian to elementcoordinates

x TIXiNilesy y FayeNilesg

STEPIn Take thederivativewith respecttotheelementcoordinates to determinetheJacobian

2 ExiIngi ftp.EYidffi

xi is tf tE i I
STEP2 UsethechainruletotakethederivativeofNiwith respecttotheCartesiancoordinates

Ifi Ifi daffII 2ffi anddanyi now in

a.n a HIth IIIt terms.ua
STEP3 UseNixand Niy todeterminethestraindisplacementmatrixB andformulatethestillness

matrix integral

tn L

Ke hfBTCBDA hf f BIBI JIdegdy








































































































































STEP4 ApplytheGaussintegrationrulesto integratetheintegral in ke






































































































































4 5 6
O O 0

Um a O
i G un b o

u c O
lo O 03 34
D 2 OKID 00

4 3 4 3
o lo ol o

all na lI i
e to Op O
I 2 I 2

L
join

LocalGlobal LG Array
EquationArray

element globalnode
l 2 I 2 3 4 S G

I I 2 u a 1 3 4 6 8
2 2 3 my b 2 c 5 793S G s

4 4 S DOF
n n

local nodes globalnodes

From the EquationArray we knowthatthefinalglobalstiffnessmatrix is 9 9 so we initialize a
9 9 zero matrix

Each quadelementhas 8 DOF twoCu uy foreachnode

KH Kr KB 194 his keg keg keg

1522 Kos k24 Kes 126 Ka Koo

1533 Ksu 1535 36 137 138

K Kya Keys Kya Ken 1948

1 1symm Kss ks6 Kss 158

keen 1568

km 148

88






































































































































Element D

local nodes dobealnodes Meat mde
a a b l 26 7 4 53

I s l s b b

2 27
3 s S s 7 7

4 4
y y

y.gg
aaabala2a6a7a4 as hi Kaz Krs 194 his Kia 142 keg
bb bt b2 ble b7 b4 BS ku ka ka ka 126 Ka Koo

11 12 16 17 14 IS kg kg less 136 137 138

symm I EI Yg symm III III II
44 45 km 148

55 188
crossoutany rowswith only numericindices mixedindices contribute
nonnumeric index contribute to global totheglobalforcevector

stiffnessmatrix

Element
equation index

located globalised l I I 2 3 c 8 9 67
I 2 2 2

2 3
g

3 6 g 9
6 6

4

11 12 13 le 18 19 16 17 ki ke k 194 his Kia Kh keg
22 23 2C 28 29 26 27 ka ka ka ka 126 1227 k28

33 3C 38 39 36 37

Hmm i si 4 mm

iii E I
66 67 km 148
77 188






































































































































Global assembled stiffnessmatrix

1533 191 Ksu1192 kiss k37 kzg 1535 142 136 198 his 146

144 1922 ko Ky 154g keys1227 kuG kzg Kes 126

1533 O O 137 38 1535
36

i
Kss1km Ksa1478 1967 Ks

Kaa11988 58 1968

Kss 1956

Keele






































































































































He f f BCBIJldegdy let C Identityjustforexample

eif example

Eachterm in IT requires Gaussintegration ForK this is as follows

kn f fill59479degdy f f Ffg g degdy Thisrequires 2pointrule

Integrate first

kn fCFG YBy FG Yrs 771dg fi4gCity7dg
Nowintegrate y

Ki f 4gCity2dy f Flydy Fly Yrs Fly Yrs 3,1
Thisintegration is done foreveryterm in Ke andeveryquadelementinthe FEmodel

Nowusingtheproductrulediscussedearlier

f EGDdgdya 72WiiNegiy winEcg y wwiftp.yd wzwiflegz.yltwziozfcegz927 3,2

0 Ce CDNet CBE

Ewg tf ButJldegdy A fifilJldegdy
avg



 
 
 

TOPIC 7: 
Shape Function Recipe 

 
 
 
 
 
 






































































































































ShapeFunction Rules

1 Interpolation condition Unity at node i and zero at all othernodes

2 Compatibility condition Displacement on a side 2b or face 3D isdetermineduniquelybythe
nodes on thatside1face

3 Completenesscondition Can representexactlyanydisplacementfieldthatis a linearpolynomial in X
and y If 2and 2 are truethen it is sufficientto check IN L

Node EliminationMethod

Ni CiLiL2 Lj

1 Findthe minimum numberof linearfunctionsLj thatcross allnodesexcepti

2 Set g suchthat Ni L at i

3 CheckthattheorderofN on a sidecontainingnode i is 2 lessthanthenumberofnodesonthat
sideVerificationensures compatibility

4 If completeness is satisfied checkthatENi I

O O
p 2

N c L Nz c L

4 f I g l O 4 f I g11 0

N cG l Nz e 5 1

Nag 1 I e e iz N 5 1 1 c 12

ENi Ig Itf I






































































































































O O O
P 3 2

N _944 NECLily Ng c Lily

Li 5 1 G 1 0 Li g l s 9 1 0 Li g l s 9 1 0

Lz9 0 Lz9 0 Lz f 1 0

Ni 45151 Nic915 1 NgcG2D

N 5 1 1 i 4 12 NIG 1 L i 4 12 Nff 07 1 i e I

ENi 125cg1 1251511 1 52 1

of

O O
I 2

as a

N _GL NECL Ng c L

Li S 0 Li Gio Li 3 0

Ni c NECGz NsCif

Nice _1 L i 4 1 NISEI I i 4 1 Nff 17 1 i 4 1

ENieves.tk fly I






































































































































3
O

60 05

O O O
I 4 2

as a

N _GLLz NECLLz Ng c4Lz

Li S _O Li gz O Li 93 0

Lz _I f 4 0 Lz z I Gz12 0 Lz 3 1 egg12 02 2 2

Ni 449 E Nick 12 Ns453155z
Nice_17 1 e L NISEI I 4 2 Nfg 17 1 i 4 2

as a

Nu Glitz Ng C LLz N Glitz

Li S O L gz o Li S _0

Lz 52 0 Lz 3 0 Lz 3 0

NECGeek Ns45253 NECGregg

Neff_42,92 427 1 4 4 NggzYz53 44 1 4 4 Neff 12,9507 1 4 4

6

Ni 29,19 E 2525212 12 5312 14992 49293 49,93

29,2 295 295 leg152 939445192 49293 49,93

49152 935 1 1 since 9,152 93 1 bydefinition






































































































































4 3
O O

n tegel
n le y El
sq

0 O
P 2

N _GLLz NEC4Lz

Li 9 1 g 1 0 L I 9 1 0

Lz y l y 1 0 Lz p I y 1 0

Ni 4G 1 y D NecEgHKy 1

Nice I y 1 L c 14 Nzg l y 1 L 4 14

Ng 9422 Ny c LLz

Li 9 1 39 1 0 Li L g 1 0

Lz y I y11 0 Lz p I y11 0

Nz c 91174 1 NeqCg1 ytl
Nff by 1 L c I Neff1,7 17 1 c I






































































































































4 730O O

nn
80 sq 06

O O O
p s 2

N _c LLz Ns c 4Lz

4 5 1 g 1 0 L g l g 1 0

La y l y 1 0 La I 09 1 0

y11 0 y I y 1 0

N eG 1Cy 1 94 1 Ns 4G 1kg l

Nig 1,4 17 1 i c I Ns90,4 17 1 4 1
2






































































































































3
O

O O O
I 4 2

a

N c L Lz N c LL2

4 g O Li O

LaS 12 9 12 0 La9 52 f 92 0

Ni cG 9 Iz violateselementcoordinatesdefinition
sinceqtegz eg.tl

Nice D I e 2

Alongside 1 2 N isorder 2

Alongside 1 3 N isorder2 toohigh compatibility
violated

systematic Approach startbyfinding Nifortheparentelement andthenadd a correction

as

N f 144L2
Li G 0

Lz 52 0

N G 99,92
N 91 1,92 0 1

N 5142,9242 0 c 2






































































































































4 3
O O

nn
sq

O O O
I 5 2

N c4Lz Ni 4443
L S O L O

9 1 9 1 0 Lz9 1 9 1 0

Lzp I y 1 0 Lzq 25 1 y129 1 0

N 9919Dey l NecaffgDly129 1

N q I y 1 L 4 14 N q I y 1 L 4 41

Alongside1 2NiCqy D129cg D
compatibility Alongside1 2 Nicey D 145917129 1verified

Alongside14 NiG I y y D luckyguess Alongside14 Nice 1,27 124 1

compatibility violatedalongside 1 2
systematic Approach polynomialdegree10high badguess

N_41cg 1 y l 194L Ns 444

Li 9 1 g 1 0 Li 9 1 g 1 0

Lz9 1 9 1 0 Lz9 1 9 1 0
N 1cg 1Cy 1 e gel Ns e 9214

N q 1,4 17 1 Ng9 0 y 1 L 4 1

Nice0,2 17 0 4 12






































































































































8 7
o oI µ
n TegelI en tenet0 o5 I 6 I Eilel
i k sq
D 0
4 3

o O
a 2

i i
i i
i i

N _C L Lz NFC4413

L L g 1 0 L f l g 1 0

Lz p I y 1 0 Lz y I y11 0

in _I re 1 0 in I u 11 0

N _4cg 1 y Nu l Ng calf 1 ytl ut
Nag I y I u 1 L c GI Ng9 1,1 1 er 1 L c _Ig



 
 
 

TOPIC 8: 
Handling Distributed 

Loads 
 
 
 
 
 






































































































































u u u u u u u u u u u u u
0 O O O O O O
r 2 3 4 5 6 7

DirectMethod ifthe force variation overthestructure isG gradualand 2 has a smallamplitude
i.e WmaxUmm eto wherethetolerancetot issmall thenthetotalforce isdivided

Wmax

equally among all nodes

Got_few dx f fN where i I N N ofnodes

f tfEf f f f f f f Lif f f
s

g v g r g u ou u ou u ou u E E E E E E E Er z s u s 6 2

PROS simpleto implement

CONS notveryaccurate as it smooths outtheforcevariationsUsethismethodonly if youwant a
rough ideaoftheimpactof a distributedload or are lazy in

NodebynodeMethodtheforce on node i is assigned froma tributary regionaboutnode i The
tributaryregionextendshalfwaytotheneighboring nodes

f fabwCx3dx totalforce overtributaryregion Xelab

e f f f f f fo f

s

y u g un j v g n j u j u g I E I J I J J
i 2 3 is a i.e s ee r i 2 3 4 s a 2

tributaryregion tributaryregion
fornode3 fornode4

fabwCxSdx fu wCxSdx

b

PROS moreaccuratethanthedirectmethod

CONS requires knowledgeoftheforcefunctionwCx and more calculationGe integration






































































































































Elementby elementMethodthefarce on nodei is apportionedbystaticsfromelementsassociated
withnode i

e f k f f f fo f

s
u u u u u u u u u u u u u u u ou u ou u u
0 O O O O O or O 0 O O O
r us 2 2 3 CD u ca s ca ee ca r i 2 3 4 s a 2

Node3 is associatedwithelements 2 and 3 ForelementCD

fed
STEP2 determinethetotalforce overelement 2 andthecentroidwhere itacts

u v wcxsxdxo.czO f fwCxdx x
2 i 3
Xe Xz wCxSdx

f STEP 2 apportiontheelementforce f tothenodes according to statics

IFy ftd rzm rz.co O

or Y o ZMz f CxcxD Beale O

2g Ie 3g
F lengthofelement i.e de xsxz

ri r D i from2M O r f xD
foes

reaction forcesthe fz ri and rj
negativeoftheapplied
forces from217 0 rj f BG

f fl fl fs s 4 STEP 3 repeatSTEPS I 2 foreveryelementconnected to
node3Thetotalforce at node3 is thesumof

v v v v
O O O O contributions fromeachelement
z 2 3 3 3 4

v
assembly

1

fj7fj f.es
v v v
O 0 O
z 2 3 3 4

PROS moreaccuratethanthenodebynodemethodsince statics permits a mere fair distribution of
forces

among nodes

CONS requires knowledgeoftheforcefunction w and more calculationGe integration



 
 
 

TOPIC 9: 
Vibration of MDOF 

Systems 
 
 
 
 
 






































































































































DirectMassMatrix thetotal mass of theelementis aportionedequally to thenodes angering
any couplingTheresult is a diagonal mass matrix M

totalmass m pAl

2 noderod
mass matrix M zealflo g

acceleration ii fifi
m
z 72

3 node rod
mass matrix M jeAlf acceleration ii IMk Mz 72

uhthickness

totalmass m fAh

3 nodetriangle

mass matrix M yeah

q
Egg Fog 89g

acceleration ii Gia

PROS adiagonal mass matrix is morecomputationallyefficient in termsof performing inverses
as well as in storage computermemory if thesparsity is takenadvantageof

CONS mayaccount foreithertranslational or rotational inertia butnotboth e.gbeams Mayresult
in lowfrequency dispersion in simulations






































































































































Consistent Variational MassMatrix thekineticenergy iswritten in termsofthevelocity vector
uG NE

T IffyDV pfvtNTNudV zvpf.VNDU r zitMo
M

2 noderod
M ffNTNdAdx faffN'Ndg FILLMk Mk

Quad4
4 3

M ffN'NdAdz phf fNTNIJaldegdy
I 2 LJacobiandepends on xy location

ofnodes

PROS both translationalandrotational inertia are naturallyaccountedforMorerepresentative of
the physicalsystem

CONS may resultin lowfrequency dispersion in simulations






































































































































Before we tacklewave propagation we will firstconsiderselectedtopics an vibration a phenomena
related to waves

mLn m IF mii ku theforceofthespringopposes
thedisplacementofthemass

ii WEee 0 Wo naturalfrequency

ii wiu O u Aeat

22two u O 2 I Iwo 22two 0 since u O is thetrivialsolution

u Aeewet Aze iwi for a linearproblemgiventwosolutions
theirsum isalso a solution

e it cosof isinof Euler'sformula

u A Adcos wot CA Adsinwot

C coswot Czsinwot Ci C determinedfrominitialconditions

we'vejust solved an eigenvalue problemfortheeigenvalue w naturalfrequency and eigenvector
modeshape A Thismaybe betterappreciated in MDOFsystems

gmnkmtfm.un.mnJm.uyknnKEFi
mii 2km Kaz

EE Maj ku 2kuz

I I I too a int

M it k it O

wt I't ki MY outfit 9 IiiXz Xz Xz m

matrixtransforms rotates orsealed a vector
EVPaskswhatmodeshapeleadsto a sealing
transformationbyfactorwe

f Ia
w m o

2h1mwz

D dynamicalmatrix

1DI mio 4kmof 3k O characteristicequation

wi k n wi 31 for an n DOFsystemthereare atmostn naturalfrequencies
m M andmodeshapes degeneratefrequencies are possible






































































































































n

2nd w X kmXz o Iz 2kmI s 1 XI I
xin k Xi

mode ne l mode n 2

E.int E i5imIignE
a

Firstmode massesoscillate in phase
Secondmodemassesoscillate 180outofphase
Modesoscillatewithoutforcing w Wn ar Xi t Xin leaves remnantforce

X XY I n w wz

2mi w XY km 2k 3kk_I 0 nonzeroforce
m

Now we willconsider an importantproperty of normalmodes orthogonalityThenatural frequency
con and modal vectorX come as a pair andsatisfytheequation

w MX KX mode i

wjMX KI mode j
Premultiplythepreviousbythetransposeoftheoppositemode

w I TMI MTKx Ici'TKX
equivalenceduetosymmetryof Mand K

w X TME WICK IMI IT TKX

wi w MIMI 0

In general w wj thereforeFX IMI 0 andbyextension I TTKI OThus X and X are
orthogonalwithrespecttobothMand K Moredirectly

I i I IMI pMI e O M 0 and I O is thetrivialsolutiontherefore p I I T O
vector
sealer

Dueto theirorthogonality themodeshapes eigenvectors form a basis en n dimensionalspace
meaning thatanyothervectormustbesome linearcombination ofthesevectors

r xims iui ft.fi ylII fI f II IE II
n n

basis in 3D rectilinearspace






































































































































If ie is an arbitraryvector in n dimensionalspace it can beexpressed as

a Ize I e are constants this is the expansiontheorem

Premultiplying a byEX TM CorCX TKIthevalue of e can be determined

Cx TMei CxT'MII c X ciCx TME e eimii ci CXTM
Mii

dropthesum since X TX Si orthogonality

Theexpansiontheorem is veryuseful in findingtheresponseofMDOFsystemssubjectto arbitrary
forcingbydecouplingthe system ofequationsfollowing a procedurecallednodalanalysis

Looking at wMix KX O it is apparentthattheEOM are coupledbywayof K Thecoupling
depends on the coordinates we use It is possible to choosecoordinates which uncoupletheEOM

Let a Ize I EX TI R I e
transom
matrix

coordinatevector principal coordinates

Mii Ku MEE KEE 0

As we have seen CXTMX Mie and CK TKX Isie diagonalize M and K Let'spremultiplyc
theaboveby I

modalmass medalstiffness

T T v v
I MIE I KI E MBE KpE MiiEi ki e 0 since theequations are uncoupled we can solve

themonebyone no complicatedinverse or
MiiEi ki e O E Eeiw determinantneeded

CwMii kidCi O w kiilmic w

Recall our previous problem Let'sapplytheexpansiontheoremmedalanalysis

f i x Ii I fi 11
ITMIE TIKI E from fm Eg Chok go

a
fee s 2mute 2kg O at wi Klm

2mWez t 6kCz O at w 314M

justasbefore






































































































































Thepreviousexample isthat offreevibration i.e theresponseofthesystemafteran inputofenergy
from initial conditions Forcingrepresents a continuous inputofenergy

Consider a SDOFsystemwith a viscousdamping elementand harmonicfencing

E k
Mms m

Feiwt

mii ku Feiwt c u Aeiet steadystateresponse w forcingfrequency

Chim K A F divideby k anddefineSseHk

i f Wjz 1 A Sst Wo4k naturalfrequency 4e withoutforcing frominitialconditionsonly

A I r E
Sst I r2 Wo

Degreesoffreedom Dots countthe minimum numberof independentcoordinatesnecessary to
describe thepositionof allpartsof a system overtime

Discrete thepointof viewoftheFEM continuous

finite DOES infinite DOE
finite naturalfreqs shapes infinite naturalfreqsImodeshapes
formulatedas Di Egs easytosolve formulated as PDEs generallydifficultto solve
lumpedIconcentratedmaterialparameters distributedmaterialparameters i.e functionsofposition



 
 
 

TOPIC 10: 
Finite Differences and 

Time Integration 






































































































































Thegoalof theFDM is thereplacementofthedifferentialequationby a systemofalgebraicones
First we discretize the problemdomain andthensubstitutethederivativeswithfinitedifference
approximations

fn x are calledpivotpoints f are theunknownvalues of
S the solution
ii

i i In general thedomaindoesnotneed to be divided
i i intoeven intervals but it ismostconvenient

i
i i If fexsvaries significantlybetweenpivotpoint

Xo a x Xo h xnab the intervalh should be reduced aspartof
convergencestudyh

A memberofmethodsmaybeapplied to approximatethederivatives we choosetheTaylorexpansion
about x i

fexoth Sexo hfexes HEf xo Ihff exo tiffexo OCh
truncation error

Thus for 1storderTaylorexpansionwith we have

fcxoihs fcxd hf.CH OCHS fexes fCx h fad f forwarddifference
h

Sexoh flies hfexes OCHS f flxD fexo h 8 backward difference
h h

fl x h Axe h 2h fCxD OCHS flexed fl x h Axe h f E centraldifference
2h 2h

Wecanalsoformulate approximations at 01h43 but let's proceed withthecentraldifferencemethod
to approximate f x

Sexo h tfCx h If xD h f Xo 01h9 f Xo Sexo h 2ftxD fexoh
h2

Foran arbitrary pivotpoint x f fit 2 fit
42

Usinganyofthedifferenceschemes we can approximate a derivative at pivotpoint x with i l N
In general we can usetheseschemes as formulated howevertheboundaries i l N requirespecial
attention to accommodate thepossibility ofExofo and xn fam

fCx fu fe
fex 2h ftp.fa

2h y u
2h

f f f fo fs

X Xa Xs Xy Xs
w w

boundary interior boundary






































































































































foandfee donotexist Carebeyondthedomain To accommodatethem wegenerallyhavethreeoptions
periodic DirichletandNeumann note theseare numericalBcsnotphysicalBcs

Periodic fo f andfa f
Dirichlet fo O and fo O Cassumes solutiondecaysto zero fromtheinterior

Neumann fo f andfee assumesfunctionvarieslinearlybeyondtheboundarytherefore second
orderandhigherderivatives vanish

othercustomBcs maybeapplied as well

Forsinglevariablederivativesbeyondsecondorderandmixed derivativesofanyorderthere are avarietyof
alternative definitions Considerapplying the first order scheme twice in order to formulate a second
orderscheme

IE Inflff 1 if f their 24 fi27

This scheme is lessaccuratethanthe one developedbyTaylorseries as functionvaluesfurther
fromtheevaluation site are usedto approximatethederivativeThishierarchalformulation is generally
lessaccuratethantheTaylerderivedversion andbecomes more so withincreasing hierarchal
levelsHoweverthis is one optionformixed derivatives

fcxoih.y.tl Sfx hyo e 2hf Cxoyo l

f x th y l f xoh yod 2hfCxoyo d

exoyo I fCxoyod Ll f Xoyo

f Goyd XoYo I fxExoYod fGothyo l fckhyo e f xothyod f xo h yo e
Ll 4hL

In otherwords Sfg zet Idf I d Y yheltfi n.sn fi si fansit f 7

Noticethat FD approximations are essentially weighted sumsoffunctionvalues inthevacuity ofthe
pivotpointWe can usethiscondition inaddition to theTaylorseriesexpansionto describe a general
procedure fordeveloping a Fb approximation

STEP2 Determinethefunctionvaluesyouwishto use in theapproximation

fi fi i fi fi 2 stencil






































































































































STEP2 Determinethe correspondingTaylorseriesexpansion up to ordern l where na functionvalues

f f 102 0 f1081 fi 1 O O O f
2

fi f hdgxfihdgf hadg.IE f r h 12 2x

e.i.eu a e e
f fnE

h

fif z f C2h2gyf C2zh5dgIxzf C2ghIdgIpf f z I 2h 2h2 413
3 W

F W D
function E weights derivatives

D W F Ifi i 3fitancefia fitz

231 fee 13 3fe fitz
23 i h3

Formulate a differenceapproximation ofthemixedderivative If usingfi.i f i.si f i.si fu su andfitTidy

fi f fi I 0 O O O O f
21

fi.im f h l h ft2hlg y
d f f i.si l h e ka he 12 d

2 2 21

i fi I f

fu f hdjf lfyf lzfhdgyf 2hlgyilgdyfyfi i.it I h e K he 12 224
2 2 221

fu _f h hIdIf fu I h O TI O O dy
22 2 2

a yfjfy fi i.si
fittest fetish feast
4hL

22 fi i.s i fi i.su 4fi 4fia.s fi i.si fix.sn why
22 2h2

y

feast 2fiteys fin.sn






































































































































Considerthegoverningequationof a homogeneous string or rod1bar
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clear;clc;
 
%% Setup - User Input
n_site=1001; % # sites
 
L=1; % domain size
c=26; % speed of sound
 
T=3/100; % total simulation time
eta=1/3; % Courant #
 
%% Mesh Definition
x=linspace(0,L,n_site); % mesh
dx=x(2); % space step
 
dt=eta*dx/c; % time step
Nt=floor(T/dt); % # time steps
 
i_indx=[1:n_site 1:(n_site-1) 2:n_site];
j_indx=[1:n_site 2:n_site 1:(n_site-1)];
value=[-2*ones(1,n_site) ones(1,n_site-1) ones(1,n_site-1)];
K=sparse(i_indx,j_indx,value); % coefficient matrix
 
%% Explicit Time Integration
u_init=sparse(n_site,1); % initial displacement
v_init=sparse(n_site,1);v_init(round(n_site/2),1)=1; % initial velocity
 
u=sparse(n_site,Nt+1);u(:,1)=u_init; % displacement matrix; each column is 
                                     % the displacement vector at different
                                     % time steps.
for k=1:Nt
    if k==1
        u(:,2)=(eta^2)*K*u(:,1)./2+u(:,1)+v_init*dt;
    else
        u(:,k+1)=(eta^2)*K*u(:,k)+2*u(:,k)-u(:,k-1);
    end
    
    %%%%% Plotting
    if floor(k/15)==k/15 % plot every 15 time steps
        plot(x,u(:,k+1),'k-','LineWidth',1);
        xlabel('Position, x');ylabel('Displacement, u');
        title(['t/T = ',num2str(round(k/Nt,3))]);
        axis([0 L -1e-5 3e-5]);
        drawnow;
    end
end
 
 



Newmark-� Integration Scheme
Michael J. Frazier, University of California, San Diego

1 Explicit Time Integration

Over the past couple lectures, we have developed the basics of numerical integration via the
method of finite di↵erences and even applied this tool toward the solution (i.e., simulation)
of a string with a propagating disturbance. This example was a demonstration of an explicit
integration scheme, i.e., one in which the solution at a later time step (i.e., uj+1, u̇j+1, üj+1)
depends on the current conditions (i.e., uj, u̇j, üj) or earlier states. Now, let’s consider a more
general dynamic system than the string, one in which spatial discretization is accomplished via
the finite element method, yielding:

Mü+Cu̇+ fint(u) = fext(t),

where M and C are, respectively, the mass and viscous damping matrices; fint(u) and fext(t)
are, respectively, the internal and time-depended (i.e., excitation) forces. Let’s assume a linear
internal force-displacement relation such that fint(u) = Ku whereK is the sti↵ness matrix. Thus,

Mü+Cu̇+Ku = fext(t). (1)

Using central di↵erences, we can replace the derivatives in Eq. (1) with the following approxi-
mations:

u̇ = u̇j =
uj+1 � uj�1

2�t
, (2a)

ü = üj =
uj+1 � 2uj + uj�1

(�t)2
, (2b)

which, upon a few algebraic manipulations, gives the update rule


1

(�t)2
M+

1

2�t
C+K

�
uj+1 =

2

(�t)2
Muj �


1

(�t)2
M� 1

2�t
C

�
uj�1 + fext(j�t), (3)

with time step, �t. Equation (3) represents a finite di↵erence time-integration scheme. Notice
that the displacement at a later time, uj+1, depends on current and earlier conditions, uj and
uj�1; therefore, the scheme is explicit.

Implementation Procedure:

1. Store the current conditions uj, u̇j, and üj. If j = 0, then these are the initial conditions.

2. For a given integer j 2 [1, Nt � 1], solve the update rule for uj+1. Nt is the number of
time steps.

3. Update the stored current conditions as uj+1 ! uj, u̇j+1 ! u̇j, and üj+1 ! üj.

4. Repeat Steps 1–3 successively for all j 2 [1, Nt � 1].
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There is, however, the small matter of the special case of j = 0 where, in Eq. (3), j�t = 0 and
uj�1 = u�1. To resolve this issue, just as with the string problem, we use Eq. (2a) with j = 0
to determine that u�1 = u1 � 2�tu̇0. Subsequent substitution into Eq. (1) with j = 0 gives


2

(�t)2
M+K

�
u1 =

2

(�t)2
Mu0 +


2

�t
M�C

�
u̇0 + fext(0).

After determining u1 for j = 0, the update rule in Eq. (3) is followed.

2 Implicit Time Integration

2.1 Linear Acceleration Scheme

In the derivation of the previous explicit, time integration scheme, we replaced the derivatives u̇
and ü with their finite di↵erence approximations stemming from Taylor expansions. Now, let’s
try an alternative route. Assume the acceleration varies linearly over a given time increment,
then:

ü(⌧) = üj +
⌧ � t0
�t

(üj+1 � üj) t0  ⌧  t0 +�t,

where ⌧ is a dummy variable. Next, we integrate the dummy variable, ⌧ , over the time step,
i.e., from t0 to t0 + �t. Just as in undergraduate dynamics, we integrate once to arrive at the
velocity and a second time to determine the displacement:

u̇(t) = u̇j +

Z t

t0

ü(⌧)d⌧ = u̇j + (t� t0)ü
j +

(t� t0)2

2�t
(üj+1 � üj),

u(t) = uj +

Z t

t0

u̇(⌧)d⌧ = uj + (t� t0)u̇
j +

(t� t0)2

2
üj +

(t� t0)3

6�t
(üj+1 � üj).

As we are interested in the value of these quantities after one time step has elapsed, in the above,
we substitute t ! t0 +�t, yielding

u̇j+1 = u̇j +
�t

2
(üj+1 + üj), (4a)

uj+1 = uj +�tu̇j +
(�t)2

6
(üj+1 + 2üj). (4b)

We could stop here and insert these definitions into the Eq. (1) to develop an implicit update
rule, but lets continue.

2.2 Average Acceleration Scheme

Now, let’s assume a constant, averaged acceleration over the time increment �t given by

ü(⌧) =
1

2
(üj+1 + üj) t0  ⌧  t0 +�t

Now, we integrate the dummy variable, ⌧ , over the time step. Integrating once yields the velocity;
yet again gives the displacement:

u̇(t) = u̇j +

Z t

t0

ü(⌧)d⌧ = u̇j +
t� t0
2

(üj+1 + üj),

u(t) = uj +

Z t

t0

u̇(⌧)d⌧ = uj + (t� t0)u̇
j +

(t� t0)2

4
(üj+1 + üj).
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Again, substituting t ! t0 +�t into the previous gives:

u̇j+1 = u̇j +
�t

2
(üj+1 + üj) (5a)

uj+1 = uj +�tu̇j +
(�t)2

4
(üj+1 + üj) (5b)

We could stop here and insert these definitions into the Eq. (1) to develop an implicit update
rule, but lets continue.

2.3 The Newmark-� Scheme

For the Newmark-� scheme, we essentially combine the results of the linear and averaged accel-
eration techniques. Consider the displacement definitions in Eqs. (4b) and (5b). Each of these
may be represented by a single equation with the aid of a tuning variable, � 2 [16 ,

1
4 ]:

uj+1 = uj + u̇j�t+
(�t)2

2

⇥
2�üj+1 + (1� 2�)üj

⇤
, (6)

where � = 1/6 and � = 1/4, respectively, yield the linear and average definitions. Intermediate
values result in a scheme that is a little bit of both, and � determines whether the scheme is more
of the linear acceleration assumption or the average acceleration assumption. Values outside this
range are meaningless and may result in either an unstable or less accurate scheme.

For the velocity, equations (4a) and (5a) are identical; however, notice that if the üj+1 term were
absent, then we would have an explicit scheme (since the updated condition would depend on
current or earlier conditions). Introducing the variable, � 2

⇥
0, 12

⇤
, we can combine the explicit

and implicit definitions:
u̇j+1 = u̇j +�t

⇥
�üj+1 + (1� �)üj

⇤
, (7)

where � = 0 and � = 1
2 , respectively, yield the explicit and implicit definitions.

Linear Acceleration (Implicit), (�, �) =
�
1
6 ,

1
2

�

Average Acceleration (Implicit), (�, �) =
�
1
4 ,

1
2

�

Explicit, (�, �) = (0, 0)

Ultimately, we are interested in the updated displacement, uj+1, when solving Eq. (1). We will
accomplish this following a series of substitutions. First, let’s solve Eq. (6) for üj+1:

üj+1 =
1

�(�t)2
(uj+1 � uj ��tu̇j)�

✓
1� 2�

2�

◆
üj, (8)

and then substitute this into Eq. (7), giving:

u̇j+1 = u̇j +�t


�

�(�t)2
(uj+1 � uj ��tu̇j) +

✓
2� � �

2�

◆
üj

�
. (9)

Now, according to Eqs. (8) and (9), u̇j+1 and üj+1 are each a function of uj+1. As we have done
before, we replace the derivatives in Eq. (1) with these definitions and manipulate the result
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into the form below:


1

�(�t)2
M+

�

��t
C+K

�
uj+1 =


1

�(�t)2
M+

�

��t
C

�
uj +


1

��t
M+

✓
� � �

�

◆
C

�
u̇j + . . .

✓
1� 2�

2�

◆
M+�t

✓
� � 2�

2�

◆
C

�
üj + fext(j�t).

(10)

Notice that, here, we need not concern ourselves with j = 0 as a special case!

Implementation Procedure:

1. For j = 0, initialize u0, u̇0, and ü0.

2. For a given integer j 2 [1, Nt � 1], solve the update rule for uj+1. Then, substitute uj+1

into Eqs. (8) and (9) in order to determine üj+1 and u̇j+1, respectively.

3. Update the stored current conditions as uj+1 ! uj, u̇j+1 ! u̇j, and üj+1 ! üj.

4. Repeat Steps 2–3 successively for all j 2 [1, Nt � 1].

Remark: In formulating our update rules, we have assumed the internal forces to be linearly
proportional to the displacement, fint(u) = Ku. If this is not the case (i.e., the force-displacement
relation is non-linear), then a root-finding scheme (e.g., the Newton–Raphson method) will have
to be employed to find the uj+1 which balances the equality in the update rule [Eq. (10)].
The form the rule takes will be essentially unchanged, e.g., the Newmark-� above would simply
become: 

1

�(�t)2
M+

�

��t
C

�
uj+1 + fint

�
uj+1

�
= Same Right-Hand Side.
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